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1. Introduction
The gamma function Γ (z) can be deﬁned by the formula [27, p. 76]
1
Γ (z)
= zeγ z
∞∏
n=1
(
1+ z
n
)
e−z/n,
where γ is the Euler constant deﬁned as
γ = lim
n→∞
(
1+ 1
2
+ · · · + 1
n
− logn
)
.
Γ (z) is meromorphic in the entire complex plane and has simple poles at z = 0,−1,−2, . . . . It is easy to verify that
Γ (1) = 1 and Γ (z) satisﬁes the recurrence relation Γ (z + 1) = zΓ (z). It follows that for every positive integer n, Γ (n) =
(n − 1)!. It is also well-known that Γ (1/2) = √π , and for every positive integer n, we have [27, p. 79]
Γ (n + 1/2) = (2n)!
4nn!
√
π, Γ (−n + 1/2) = (−4)
nn!
(2n)!
√
π. (1.1)
For any complex α, we deﬁne the general rising shifted factorial by
(z)α = Γ (z + α)/Γ (z). (1.2)
It follows that (z)0 = 1 and for every positive integer n, we have
(z)n = z(z + 1) · · · (z + n − 1), (z)−n = 1
(z − 1) · (z − 2) · · · (z − n) . (1.3)
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Proposition 1.1 (Euler’s reﬂection formula).
Γ (z)Γ (1− z) = π
sinπ z
.
In his famous paper [25], Ramanujan recorded a total of 17 series for 1/π without proofs. These series were not ex-
tensively studied until around 1987. The Borwein brothers [8,9] provided rigorous proofs of Ramanujan’s series for the ﬁrst
time and also obtained many new series of Ramanujan type for 1/π . Some remarkable extensions of them were given by
the Chudnovsky brothers [18].
Many new Ramanujan type series for 1/π have been published recently, see for example, [2–4,6,10–15,17,19,21,23,26,
28]. For more details, please refer to the survey paper [5].
Some mathematicians before Ramanujan had also derived some series expansions for 1/π , notably [7] and [20].
In [24], the author used the general rising shifted factorial and the Gauss summation formula to prove the following
four-parameter series expansion formula which implies inﬁnitely many Ramanujan type series for 1/π .
Theorem 1.1. For any complex α and Re(c − a − b) > 0, we have
∞∑
n=0
(α)a+n(1− α)b+n
n!Γ (c + n + 1) =
(α)a(1− α)bΓ (c − a − b)
(α)c−b(1− α)c−a ×
sinπα
π
.
Motivated by [24], in this paper we prove the following variant from of Dougall’s 5F4 summation for the classical
hypergeometric functions, which allows us to derive many Ramanujan type series for 1/π and Ramanujan type series for
some other constants.
Theorem 1.2. If Re(a + b + c + d + α − β − γ − δ + 1) > 0, then we have
∞∑
n=0
(α + a + 2n)(α)a+n(β)n−b(γ )n−c(δ)n−d
n!(1+ α − β)a+b+n(1+ α − γ )a+c+n(1+ α − δ)a+d+n
= Γ (1+ α − β)Γ (1+ α − γ )Γ (1+ α − δ)Γ (2+ α − β − γ − δ)
Γ (α)Γ (1+ α − β − γ )Γ (1+ α − β − δ)Γ (1+ α − γ − δ)
× (β)−b(γ )−c(δ)−d(2+ α − β − γ − δ)a+b+c+d−1
(1+ α − β − γ )a+b+c(1+ α − β − δ)a+b+d(1+ α − γ − δ)a+c+d .
The paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.2. In Section 3 we discuss some
applications of Theorem 1.2 to Ramanujan type series for 1/π . Theorem 1.2 allows us to derive some nontrivial series
expansions for π2 in Section 4. A general series expansion formula for Γ −3( 23 ) is given in Section 5. In Section 6, a general
series expansion formula for 1/
√
πΓ 2( 34 ) is derived. In Section 7, Theorem 1.2 is used to derive Ramanujan type series
for 1/π2.
2. Proof of Theorem 1.2
To prove Theorem 1.2 we need Dougall’s 5F4 summation (see [1, p. 71]) which is stated in the following theorem.
Theorem 2.1 (Dougall’s 5F4 summation). If Re(a + b + c + d + 1) > 0, then we have
∞∑
n=0
(a + 2n)Γ (a + n)Γ (n − b)Γ (n − c)Γ (n − d)
n!Γ (a + b + n + 1)Γ (a + c + n + 1)Γ (a + d + n + 1)
= Γ (−b)Γ (−c)Γ (−d)Γ (a + b + c + d + 1)
Γ (a + b + c + 1)Γ (a + b + d + 1)Γ (a + c + d + 1) .
Now we begin to prove Theorem 1.2 using Theorem 2.1 and some properties of the gamma function.
Proof. Using the general rising shifted factorial in (1.2), it is easily seen that
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Γ (n − c + γ ) = (β)n−cΓ (γ ), Γ (n − d + δ) = (δ)n−dΓ (δ),
Γ (β − b) = (β)−bΓ (β), Γ (γ − c) = (γ )−cΓ (γ ), Γ (δ − d) = (δ)−dΓ (δ),
Γ (a + b + α − β + n + 1) = (α − β + 1)a+b+nΓ (α − β + 1),
Γ (a + c + α − γ + n + 1) = (α − γ + 1)a+c+nΓ (α − γ + 1),
Γ (a + d + α − δ + n + 1) = (α − δ + 1)a+d+nΓ (α − δ + 1),
Γ (a + b + c + α − β − γ + 1) = (α − β − γ + 1)a+b+cΓ (α − β − γ + 1),
Γ (a + b + d + α − β − δ + 1) = (α − β − δ + 1)a+b+dΓ (α − β − δ + 1),
Γ (a + c + d + α − γ − δ + 1) = (α − γ − δ + 1)a+c+dΓ (α − γ − δ + 1),
Γ (a + b + c + d + α − β − γ − δ + 1) = (α − β − γ − δ + 2)a+b+c+d−1Γ (α − β − γ − δ + 2).
Replacing (a,b, c,d) by (a + α,b − β, c − γ ,d − δ) in Theorem 2.1 and then substituting the above fourteen identities into
the resulting equation and simplifying, we complete the proof of Theorem 1.2. 
3. Ramanujan type series for 1/π
In this section we will use Theorem 1.2 to prove the following general series expansion formula for 1/π .
Theorem 3.1. If Re(a + b + c + d) > 0, then we have the series expansion
∞∑
n=0
(4n + 2a + 1)( 12 )n+a( 12 )n−b( 13 )n−c( 23 )n−d
n!(1)a+b+n( 76 )a+c+n( 56 )a+d+n
= (
1
2 )−b(
1
3 )−c(
2
3 )−d(1)a+b+c+d−1√
3π( 23 )a+b+c(
1
3 )a+b+d(
1
2 )a+c+d
.
Proof. We let (α,β,γ , δ) = (1/2,1/2,1/3,2/3) in Theorem 1.2 and multiplying both sides of the resulting equation by 2.
We then use Γ (1/2) = √π and 6Γ (7/6) = Γ (1/6) to ﬁnd that for Re(a + b + c + d) > 0,
∞∑
n=0
(4n + 2a + 1)( 12 )n+a( 12 )n−b( 13 )n−c( 23 )n−d
n!(1)a+b+n( 76 )a+c+n( 56 )a+d+n
= Γ (
1
6 )Γ (
5
6 )(
1
2 )−b(
1
3 )−c(
2
3 )−d(1)a+b+c+d−1
3πΓ ( 13 )Γ (
2
3 )(
2
3 )a+b+c(
1
3 )a+b+d(
1
2 )a+c+d
.
Setting z = 1/6 and z = 1/3 respectively in the Euler reﬂection formula in Proposition 1.1, we ﬁnd that
Γ (1/6)Γ (5/6) = 2π, Γ (1/3)Γ (2/3) = 2π/√3.
Combining the above two equations, we complete the proof of Theorem 3.1. 
When a, b, c and d are integers such that Re(a + b + c + d) > 0, it is obvious that every term of the series on the left
hand side of the equation in Theorem 3.1 is a rational function of n. Thus Theorem 3.1 allows us to derive inﬁnitely many
series for 1/π .
If we take (a,b, c,d) = (1,0,0,0) in Theorem 3.1 and simplifying, we obtain
3
√
3
π
= 1+
∞∑
n=0
(3+ 13n + 12n2)
(n + 1)2(6n + 1)(6n + 5)
( 12 )
2
n(
1
3 )n(
2
3 )n
n!2( 16 )n( 56 )n
. (3.1)
Putting (a,b, c,d) = (0,0,0,1) in Theorem 3.1 and using (2/3)−1 = −3 in the resulting equation, we deduce that
5√
3π
= 1− 5
18
∞∑
n=1
(4n + 1)( 12 )2n( 13 )n( 23 )n−1
n!2( 76 )n( 56 )n+1
. (3.2)
4. A general series expansion for π2
In this section, we will prove the following series expansion for π2 by using Theorem 1.2.
Theorem 4.1. If Re(a + b + c + d − 1/2) > 0, then we have the identity
π2( 12 )−b(
1
2 )−c(
1
2 )−d(
1
2 )a+b+c+d−1
(1)a+b+c−1(1)a+b+d−1(1)a+c+d−1
=
∞∑
n=0
(a + 2n)(1)a+n−1( 12 )n−b( 12 )n−c( 12 )n−d
n!( 12 )a+b+n( 12 )a+c+n( 12 )a+d+n
.
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∞∑
n=0
(α + a + 2n)(α + 1)a+n−1(β)n−b(γ )n−c(δ)n−d
n!(1+ α − β)a+b+n(1+ α − γ )a+c+n(1+ α − δ)a+d+n
= Γ (1+ α − β)Γ (1+ α − γ )Γ (1+ α − δ)Γ (2+ α − β − γ − δ)
Γ (α + 1)Γ (2+ α − β − γ )Γ (2+ α − β − δ)Γ (2+ α − γ − δ)
× (β)−b(γ )−c(δ)−d(2+ α − β − γ − δ)a+b+c+d−1
(2+ α − β − γ )a+b+c−1(2+ α − β − δ)a+b+d−1(2+ α − γ − δ)a+c+d−1 .
Taking (α,β,γ , δ) = (0,1/2,1/2,1/2) in the above equation and using Γ (1/2) = √π in the resulting equation, we complete
the proof of Theorem 4.1. 
Setting a = 1 and b = c = d = 0 in Theorem 4.1, we immediately obtain the following well-known identity:
π2
8
=
∞∑
n=0
1
(2n + 1)2 . (4.1)
Letting a = b = c = 1 and d = 0 in Theorem 4.1 and simplifying, we ﬁnd that
3π2
256
=
∞∑
n=0
1
(2n − 1)2(2n + 1)2(2n + 3)2 . (4.2)
Choosing a = b = c = d = 1 in Theorem 4.1 and simplifying, we conclude that
π2 = 4096
405
− 4096
15
∞∑
n=1
1
(2n − 1)3(2n + 1)2(2n + 3)3 . (4.3)
5. A general series expansion formula for Γ −3( 23 )
We begin this section by proving the following theorem with Theorem 1.2 which contains inﬁnitely many Ramanujan
type series for Γ −3( 23 ).
Theorem 5.1. If Re(a + b + c + d + 1/3) > 0, then we have the formula
3( 13 )−b(
1
3 )−c(
1
3 )−d(
1
3 )a+b+c+d
Γ 3( 23 )(
2
3 )a+b+c(
2
3 )a+b+d(
2
3 )a+c+d
=
∞∑
n=0
(6n + 3a + 1)( 13 )a+n( 13 )n−b( 13 )n−c( 13 )n−d
n!(1)a+b+n(1)a+c+n(1)a+d+n .
Proof. Letting (α,β,γ , δ) = (1/3,1/3,1/3,1/3) in Theorem 1.2 and simplifying, we complete the proof of Theorem 5.1. 
When a = b = c = d = 0 Theorem 5.1 immediately reduces to the following identity:
3
Γ 3( 23 )
=
∞∑
n=0
(6n + 1)( 13 )4n
n!4 . (5.1)
Setting a = 1 and b = c = d = 0 in Theorem 5.1, we deduce that
27
16Γ 3( 23 )
=
∞∑
n=0
(3n + 2)( 13 )n+1( 13 )3n
n!(n + 1)!3 . (5.2)
6. A general series expansion formula for 1/
√
πΓ 2( 34 )
In this section we will prove the following theorem with Theorem 1.2 which contains inﬁnitely series expansion formulas
for 1/
√
πΓ 2( 34 ).
Theorem 6.1. If Re(a + b + c + d + 1/2) > 0, then we have the formula
2
√
2( 14 )−b(
1
4 )−c(
1
4 )−d(
1
2 )a+b+c+d√
πΓ 2( 34 )(
3
4 )a+b+c(
3
4 )a+b+d(
3
4 )a+c+d
=
∞∑
n=0
(8n + 4a + 1)( 14 )a+n( 14 )n−b( 14 )n−c( 14 )n−d
n!(1)a+b+n(1)a+c+n(1)a+d+n .
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4
√
π( 14 )−b(
1
4 )−c(
1
4 )−d(
1
2 )a+b+c+d
Γ ( 14 )Γ
3( 34 )(
3
4 )a+b+c(
3
4 )a+b+d(
3
4 )a+c+d
=
∞∑
n=0
(8n + 4a + 1)( 14 )a+n( 14 )n−b( 14 )n−c( 14 )n−d
n!(1)a+b+n(1)a+c+n(1)a+d+n .
Setting z = 1/4 in the well-known identity Γ (z)Γ (1− z) = π/sinπ z, we ﬁnd that
Γ
(
1
4
)
Γ
(
3
4
)
= √2π.
Combining the above two equations, we complete the proof of Theorem 6.1. 
Setting a = b = c = d = 0 in Theorem 6.1, we ﬁnd that [1, Exercise 26(b), p. 182]
2
√
2√
πΓ 2( 34 )
=
∞∑
n=0
(8n + 1)( 14 )4n
n!4 . (6.1)
Setting a = 1 and b = c = d = 0 in Theorem 6.1, we conclude that
27
√
2
64
√
πΓ 2( 34 )
=
∞∑
n=0
(8n + 5)( 14 )n+1( 14 )3n
(n + 1)3n!4 . (6.2)
7. Ramanujan type series for 1/π2
The main result of this section is the following general expansion formula for 1/π2.
Theorem 7.1. If Re(a + b + c + d) > 0, then we have the formula
2( 12 )−b(
1
2 )−c(
1
2 )−d(1)a+b+c+d−1
π2( 12 )a+b+c(
1
2 )a+b+d(
1
2 )a+c+d
=
∞∑
n=0
(4n + 2a + 1)( 12 )a+n( 12 )n−b( 12 )n−c( 12 )n−d
n!(1)a+b+n(1)a+c+n(1)a+d+n .
Proof. Taking (α,β,γ , δ) = (1/2,1/2,1/2,1/2) in Theorem 1.2 and using Γ (1/2) = √π in the resulting equation, we obtain
Theorem 7.1. 
Remark 7.1. A similar result has been obtained by Chu [16, Theorem 2]. It is obvious that Theorem 7.1 is more elegant than
Chu’s theorem. A few examples of Ramanujan type series for 1/π2 have been found in [22].
If we let b = c = d = −a in Theorem 7.1, we obtain the following corollary.
Corollary 7.1. If Re(a) < 0, then we have the identity
2( 12 )
3
a(1)−2a−1
π2( 12 )
3−a
=
∞∑
n=0
(4n + 2a + 1)( 12 )4n+a
n!4 .
Setting a = −1 in the above equation and using (1/2)−1 = −2, we ﬁnd the following identity of Glaisher [20] (see also
[16, Eq. (7)]):
128
π2
= 16−
∞∑
n=1
(4n − 1)( 12 )4n−1
n!4 . (7.1)
Putting a = −2 in Proposition 7.1 and simplifying, we deduce that
1024
99π2
= 1+ 27
176
∞∑
n=0
(4n + 5)( 12 )4n
(n + 2)!4 . (7.2)
Next we will continue to discuss some special cases of Theorem 7.1. If we choose (a,b, c,d) = (k,0,0,0) in Theorem 7.1 and
simplifying, we can easily ﬁnd the following proposition.
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2(k − 1)!
( 12 )
3
kπ
2
=
∞∑
n=0
( 12 )n+k(
1
2 )
3
n(4n + 2k + 1)
n!(n + k)!3 .
When k = 1, the above equation reduces to the following beautiful identity of Glaisher [20, Eq. (ix), p. 194], which was
ﬁrst derived by Glaisher using Fourier–Legendre expansions:
32
π2
=
∞∑
n=0
(2n + 1)(4n + 3)( 12 )4n
(n + 1)3n!4 . (7.3)
Letting k = 2 in Proposition 7.1, we deduce that
512
27π2
=
∞∑
n=0
(2n + 1)(2n + 3)(4n + 5)( 12 )4n
n!(n + 2)!3 . (7.4)
Proposition 7.2. If k is a nonnegative integer, then we have the formula
4k!
π2( 12 )k(
1
2 )
2
k+1
= (4k + 2)(
1
2 )k
(k + 1)!k!2 −
∞∑
n=1
(4n + 2k + 1)( 12 )k+n( 12 )n−1( 12 )2n
n!(k + n + 1)!(k + n)!2 .
Proof. Choosing (a,b, c,d) = (k,1,0,0) in Theorem 7.1, we ﬁnd that
2k!( 12 )−1
π2( 12 )k(
1
2 )
2
k+1
= (2k + 1)(
1
2 )k(
1
2 )−1
(k + 1)!k!2 +
∞∑
n=1
(2k + 4n + 1)( 12 )k+n( 12 )n−1( 12 )2n
n!(k + n + 1)!(k + n)!2 .
Substituting (1/2)−1 = −2 in the above equation and multiplying both sides of the resulting equation by −1, we arrive at
Proposition 7.2. 
Putting k = 0 and k = 1 in Proposition 7.2 respectively, we conclude that
16
π2
= 2−
∞∑
n=1
(4n + 1)( 12 )n−1( 12 )3n
(n + 1)!n!3 , (7.5)
128
9π2
= 3
2
−
∞∑
n=1
(4n + 3)( 12 )n−1( 12 )n+1( 12 )2n
n!(n + 2)!(n + 1)!2 . (7.6)
Choosing (a,b, c,d) = (k,1,1,0) in Theorem 7.1 and using the same argument that we used to prove Proposition 7.2, we
obtain the following proposition.
Proposition 7.3. If k 0 is an integer, then we have
8(k + 1)!
π2( 12 )k+2(
1
2 )
2
k+1
= (8k + 4)(
1
2 )k
k!(k + 1)!2 +
∞∑
n=1
(4n + 2k + 1)( 12 )k+n( 12 )2n−1( 12 )n
n!(n + k)!(n + k + 1)!2 .
Setting k = 0 in the above equation, we ﬁnd the following identity:
128
3π2
= 4+
∞∑
n=1
(4n + 1)( 12 )2n−1( 12 )2n
n!2(n + 1)!2 . (7.7)
Taking (a,b, c,d) = (k,1,1,1) in Theorem 7.1, we obtain the following proposition.
Proposition 7.4. If k is a nonnegative integer, then we have
16(k + 2)!
π2( 12 )
3
k+2
= (16k + 8)(
1
2 )k
k!3 −
∞∑
n=1
(4n + 2k + 1)( 12 )k+n( 12 )3n−1
n!(k + n + 1)!3 .
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2048
27π2
= 8−
∞∑
n=1
(4n + 1)( 12 )n( 12 )3n−1
n!(n + 1)!3 . (7.8)
Taking (a,b, c,d) = (k,−1,−1,−1) in Theorem 7.1, we obtain the following proposition.
Proposition 7.5. If k 4 is an integer, then we have
(k − 4)!
4( 12 )
3
k−2π2
=
∞∑
n=0
(4n + 2k + 1)( 12 )k+n( 12 )3n+1
n!(k + n − 1)!3 .
Letting k = 4 in the above proposition, we ﬁnd that
16
27π2
=
∞∑
n=0
(4n + 9)( 12 )n+4( 12 )3n+1
n!(n + 3)!3 . (7.9)
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